We perform all-electron path integral Monte Carlo (PIMC) and density functional theory molecular dynamics (DFT-MD) calculations to explore warm dense matter states of oxygen. Our simulations cover a wide density-temperature range of 1 − 100 g cm −3 and 10 4 − 10 9 K. By combining results from PIMC and DFT-MD, we are able to compute pressures and internal energies from first-principles at all temperatures and provide a coherent equation of state. We compare our first-principles calculations with analytic equations of state, which tend to agree for temperatures above 8×10 6 K. Pair-correlation functions and the electronic density of states reveal an evolving plasma structure and ionization process that is driven by temperature and density. As we increase the density at constant temperature, we find that the ionization fraction of the 1s state decreases while the other electronic states move towards the continuum. Finally, the computed shock Hugoniot curves show an increase in compression as the first and second shells are ionized.
I. INTRODUCTION
Elemental oxygen is involved in a wide range of physics and chemistry throughout the universe, spanning from ambient biological processes to extreme geological and astrophysical processes. Created during stellar nucleosynthesis, oxygen is the third most abundant element in the universe and the most abundant element on Earth. In addition to its importance for life-sustaining processes, its thermodynamic, physical, and chemical properties are important to numerous fields of science. As such, oxygen has inspired a vast number of laboratory experiments and theoretical studies, which have revealed an exotic phase diagram with a number of interesting anomalies in its thermal, optical, magnetic, electrical, and acoustic properties due to its molecular and magnetic nature 1 .
At ambient conditions, oxygen exists as a diatomic molecular gas with each molecule having two unpaired electrons, resulting in a paramagnetic state. X-ray diffraction and optical experiments reveal that oxygen condenses to a molecular solid with a rich phase diagram made up of at least ten different structural phases [1] [2] [3] [4] [5] [6] . Static compression experiments on the solid have been performed up to 1.3 Mbar and 650 K 1 . First-principles simulations have been used to search for structural phases up to 100 Mbar 6 . The transition to the highest-pressure phase discovered so far occurs at 96 GPa, which also drives the solid to become metallic [7] [8] [9] [10] .
A superconducting phase has also been found at 0.6 K near 100 GPa 11 . In addition, the solid phases exhibit a complex magnetic structure with various degrees of ordering due to a strong exchange interaction between O 2 molecules that becomes suppressed under pressure and acts in tandem with weak van der Waals forces holding the lattice together 1, 12, 13 .
Warm, dense, fluid states of oxygen have also been of great interest due to the presence of oxygen-rich compounds in inner layers of giant planets [19] [20] [21] [22] [23] , stellar interiors 24, 25 , astrophysical processes [26] [27] [28] , and detonation products 29 . Oxygen is produced via helium burning 30 in the late stages of Sun-like star's life as well as in more massive stars. The larger weight of oxygen relative to hydrogen and helium drives its settlement towards the deepest regions of a star. An accurate equation of state (EOS) is needed to properly describe the behavior of the core of the star as well as the timing of the different nuclear processes that are highly sensitive to temperature 30, 31 . Eventually, intermediate mass stars evolve into white dwarfs, which have most of their hydrogen and helium depleted, leaving a remnant composed mostly of carbon and oxygen. The core density of a white dwarf 16 is likely higher than 10 5 g/cm 3 . For comparison, we also plotted the interior profile of the current-day Sun 14 as well as the profile of a 25 M ⊙ star at the end of its helium burning time 15 . The green dashed lines show the interior profile of a 0.6 M ⊙ carbon-rich white dwarf at three different stages of its cooling process [16] [17] [18] The cooling process of the white dwarf is very similar from one white dwarf to another and the luminosity is used for cosmological chronology 32, 33 . However, the accuracy of chronology measurements depends on a proper description of the thermodynamic behavior of both carbon and oxygen 34 . Moreover, as the third most abundant element in the solar system 35 , oxygen has a significant presence in planet interiors and can exist in a partially ionized state in giant planets. Therefore, the electronic and thermodynamic behavior of oxygen at high pressures and temperatures is important for obtaining the correct fluid and magnetic behavior in planetary, stellar, and stellar remnant models 36 .
Shock-compressed fluid states of oxygen have been measured under dynamic compression up to 1.9 Mbar (four-fold compression) and 7000 K, which revealed a metallic transition in the molecular fluid at 1. using an average ion model. They showed, for instance, that the complete pressure-ionization of fluid oxygen cannot be expected until the system reaches a density of 1000 g cm −3 .
In order to address the challenges of first-principles simulations for warm dense matter, we have been developing the path integral Monte Carlo (PIMC) methodology in recent years for the study of heavy elements in warm, dense states [47] [48] [49] [50] . Here, we apply our PIMC methodology along with DFT-MD to extend the first principles exploration of warm dense fluid oxygen to a much wider density-temperature range (1-100 g cm −3 and 10 4 -10 9 K) than has been previously explored by DFT-MD alone.
In Section II, we cover details of the PIMC and DFT-MD methodology specific to our oxygen simulations. In Section III, we discuss the EOS constructed from PIMC and DFT-MD and show that both methods agree for at least one of temperature in the range of 2.5×10 5 -1×10 6 K. In section IV, we characterize the structure of the plasma and the ionization process by examining pair-correlation functions of electrons and nuclei as a function of temperature and density. In section V, we discuss the electronic density of states as a function of density and temperature to provide further insight into the ionization process.
In section VI, we discuss predictions for the shock Hugoniot curves. Finally, in section VII, we summarize and conclude our results. PIMC is based on thermal density matrix formalism, which is efficiently computed with Feynman's imaginary time path integrals. The density matrix is the natural operator to use for computing high-temperature observables because it explicitly includes temperature in a many-body formalism.
II. SIMULATION METHODS

PIMC
The PIMC method stochastically solves the full, finite-temperature quantum many-body problem by treating electrons and nuclei equally as quantum paths that evolve in imaginary time without invoking the Born-Oppenheimer approximation. For our PIMC simulations, the Coulomb interaction is incorporated via pair density matrices derived from the eigenstates of the two-body Coulomb problem 51,53 appropriate for oxygen. Furthermore, in contrast to DFT-MD as described below, the efficiency of PIMC increases with temperature as particles behave more classical-like and fewer time slices are needed to describe quantum mechanical many-body correlations, scaling inversely with temperature.
PIMC uses a minimal number of controlled approximations, which become vanishingly small with increased temperature and by using appropriate convergence of the time-step and system size. The only uncontrolled approximation is the employment of a fixed nodal surface to avoid the fermion sign problem 54 . Current state-of-the art PIMC calculations employ a free-particle nodal structure, which would perfectly describe a fully ionized system.
However, we have shown PIMC employing free-particle nodes even produces reliable results at surprising low temperatures in partially ionized hydrogen 55 , carbon 48 , water 48 , and neon 50 .
As a general rule, we find free-particle nodes are sufficient for systems comprised of partiallyionized 2s states 48 .
A sufficiently small PIMC time step is determined by converging total energy as a function of time step until the energy changes by less than 0.5%, which is shown in supplemental material 56 the path integral range from 323 at lowest temperature to 5 at the highest temperature. In order to minimize finite size errors, the internal energy and pressure is converged to better than 0.4% when comparing 8-and 24-atom simple cubic simulation cells, which is shown in supplemental material 56 than 0.1%.
For lower temperatures (T < 1×10 6 K), DFT-MD 57 is the most efficient state-of-theart first-principles method. DFT formalism provides an exact mapping of the many body problem onto a single particle problem, but, in practice, employs an approximate exchangecorrelation potential to describe many body electron physics. DFT incorporates effects of finite electronic temperature into calculations by using a Fermi-Dirac function to allow for thermal occupation of single-particle electronic states 59 .
As temperature grows large, an increasing number of bands are required to account for the increasing occupation of excited states in the continuum, which typically causes the efficiency of the algorithm to become intractable at temperatures beyond 1×10 6 K. Orbitalfree density functional methods aim to overcome such thermal band efficiency limitations, but several challenges remain to be solved 60 . In addition, pseudopotentials, which replace the core electrons in each atom and improve efficiency, may break down at temperatures where core electrons undergo excitations.
Depending on the density, we employ two different sets of DFT-MD simulations for our study of oxygen. At densities below 15 g cm −3 , the simulations were performed with the Vienna Ab initio Simulation Package (VASP) 61 using the projector augmented-wave (PAW) method 62 . The VASP DFT-MD uses a NVT ensemble regulated with a Nosé-Hoover thermostat. Exchange-correlation effects are described using the Perdew-Burke-Ernzerhof 63 generalized gradient approximation. Electronic wave functions are expanded in a planewave basis with a energy cut-off of at least 1000 eV in order to converge total energy. Size convergence tests up to a 24-atom simulation cell at temperatures of 10,000 K and above indicate that total energies are converged to better than 0.1% in a 24-atom simple cubic cell.
We find, at temperatures above 250,000 K, 8-atom supercell results are sufficient since the kinetic energy far outweighs the interaction energy at such high temperatures. The number of bands in each calculation is selected such that thermal occupation is converged to better than 10 −4 , which requires up to 8,000 bands in a 24-atom cell at 1×10 6 K. All simulations are performed at the Γ-point of the Brillouin zone, which is sufficient for high temperature fluids, converging total energy to better than 0.01% relative to a comparison with a grid of k-points.
For densities above 15 g cm −3 , we had to construct a new pseudopotential in order to prevent the overlap of the PAW-spheres. We therefore used the ABINIT package 64 for which it is possible to build a specific PAW-pseudopotential using the AtomPAW plugin 65 . We built a hard all-electron PAW pseudopotential with a cut-off radius of 0.4 Bohr. We checked the accuracy of the pseudopotential by reproducing the results provided by the ELK software in the linearized augmented plane wave (LAPW) framework 66 . With this pseudopotential we performed DFT-MD with ABINIT for a 24-atom cell up to 100 g cm −3 and 1×10 6 K. The hardness of the pseudopotential required an plane-wave energy cut-off of at least 6800 eV.
III. EQUATION OF STATE RESULTS
In this section, we report our EOS results for six densities of 2.48634, 3.63046, 7.26176, and 14.8632, 50.00, and 100.00 g cm −3 and for a temperature range of 10 4 − 10 9 K. The six isochores are shown in Figure 1 and are discussed in more detail in section VI. These conditions are relevant for the modeling of stars and white dwarfs as can be seen in Figure 1 . Comparison of the PIMC and DFT-MD pressures and internal energies in Table VII indicates that there is roughly a 2% discrepancy in their predicted values at temperatures of 1 × 10 6 K. Potential sources of this discrepancy include: (1) the use of free particle nodes in PIMC; (2) the exchange-correlation functional in DFT; and (3) the use of a pseudopotential in DFT. While it is difficult to determine the size of the nodal and exchange-correlation errors, comparison of our VASP calculations with all-electron, PAW ABINIT calculations at 1 × 10 6 K indicates that roughly one third of the discrepancy is due to the use of frozen 1s core in the VASP DFT-MD pseudopotential, which leaves out effects of core excitations.
IV. PAIR-CORRELATION FUNCTIONS
In this section, we study pair-correlation functions 70 in order to understand the evolution of the fluid structure and ionization in oxygen plasmas as a function of temperature and density. Figure 4 shows the nuclear pair-correlation functions, g(r), computed with PIMC over a temperature range of 2 × 10 6 − 1.034 × 10 12 K and a density range of 2.486 − 100.0 g cm −3 . Atoms are kept farthest apart at low temperatures due to a combination of Pauli exclusion among bound electrons and Coulomb repulsion. As temperature increases, kinetic energy of the nuclei increases, making it more likely to find atoms at close range, and, in addition, the atoms become increasingly ionized, which gradually minimizes the effects of Pauli repulsion. As density increases, the likelihood of finding two nuclei at close range is significantly increased. For the highest density and lowest temperature, the peak in the pair-correlation function reaches a value of 1.2, indicating a moderately structured fluid. ature of 1×10 6 K in an 8-atom cell at a density of 14.8632 g cm −3 . The overlapping g(r)
curves verify that PIMC and DFT predict consistent structural properties. unbound, decreasing their correlation with the nuclei. As the density is increased, the electrons are more likely to reside near the nuclei, indicating that the ionization of the 1s state is suppressed with increasing density. Figure 7 shows the integral of the nucleus-electron pair correlation function, N(r), which represents the average number of electrons within a sphere of radius r around a given nucleus,
where the sum includes all electron-ion pairs and theta represents the Heaviside function.
At the lowest temperature, 1×10 6 K, we find that the 1s core state is always fully occupied, as it agrees closely with the result of an isolated 1s state. As temperature increases, the atoms are gradually ionized and electrons become unbound, causing N(r) to decrease. As density increases, an increasingly higher temperature is required to fully ionize the atoms, confirming that the 1s ionization fraction decreases with density as seen in Fig. 6 . The 1s state is thus not affected by pressure ionization in the density range of consideration. As we will explain the density of states section, the ionization of the 1s state is suppressed because with increasing density, the Fermi energy increases more rapidly than energy of the 1s state. to temperature as density increases due to a competition between Coulomb and kinetic effects, coupled with the effects of ionization. When the density is 50 and 100 g cm −3 , pressure ionization causes the correlation to approach that of an ideal fluid, and increasing temperature further only strengthens kinetic effects. We interpret this change as pressure ionization of the second and third electron shells. As temperature increases, electrons become less bound, which also causes the correlation to become more like an ideal fluid. 
V. ELECTRONIC DENSITY OF STATES
In this section, we report DFT-MD results for the electronic density of states (DOS) of fluid oxygen as a function of temperature and density in order to gain further insight into the temperature-and pressure-ionization.
In order to closely examine the physics of pressure-ionization of the 1s and higher states, we computed DOS curves using the all-electron, PAW potential we created for use with the ABINIT code. Figure 10 shows examples of the DOS for oxygen at densities between 2.49 and 100 g cm As density increases, the L sub-shells are shifted towards higher energy, merging together as they shift into the continuum. This effect is referred to as the pressure ionization of oxygen, also described by Massacrier et al. 46 . As the density increases, the K shell is also shifted to higher energies and broadens significantly. Nevertheless, the K shell remains a well defined state even at 100 g cm −3 . The Fermi energy is also shifted towards higher energy values as the density increases. We observe that the Fermi energy shifts more than the K-shell energy, and, hence, the energy difference between the 1s states and unoccupied states increases with the density. Therefore, it is more difficult to temperature-ionize the K shell at higher density and no pressure-ionization occurs for the 1s state. This is consistent with the observations we made for the electron-nuclei pair distribution function in Fig. 6 . Figure 11 shows the temperature dependence of the DOS at a fixed density of 7.26176 g cm stand its metallic transition and determine its role in astrophysical processes [39] [40] [41] . Density functional theory has been validated by experiments as an accurate tool for predicting the shock compression of different materials 45, 72 .
In the course of a shock wave experiment, a material whose initial state is characterized by an internal energy, pressure, and volume, (E 0 , P 0 , V 0 ), which changes to a final state denoted by (E, P, V ) while conserving mass, momentum, and energy. This leads to the Rankine-Hugoniot relation 73 ,
Here, we compute the Hugoniot for oxygen from the first-principles EOS data we showed in Table VII . The pressure and internal energy data points were interpolated with bi-cubic spline functions in ρ − T space. For the initial state of the principal Hugoniot curve, we computed the energy of an oxygen molecule at P 0 = 0, E 0 = −150.247327 Ha/O 2 , and chose
We chose a density of 0.6671 g cm −3 for solid oxygen in the cubic, γ phase. The resulting Hugoniot curve has been plotted in T -P and P -ρ spaces in Figs. 1 and 12, respectively.
Samples in shock wave experiments may be pre-compressed inside of a diamond anvil cell in order to reach much higher final densities than possible with a sample at ambient conditions. This technique allows shock wave experiments to probe density-temperature consistent with planetary and stellar interiors 74 . Therefore, we repeat our Hugoniot calculation starting with initial densities ranging from a 1 to a 25-fold increase of the ambient density. Figure 12 shows the resulting family of Hugoniot curves. While starting from the ambient density leads to a maximum shock density of 3.5 g cm −3 , a 25-fold pre-compression yields a much higher maximum shock density of 71 g cm −3 , as expected. However, such extreme densities can be reached more easily with triple shock experiments as our example in Fig. 12 illustrates. We used the first compression maximum on the principal Hugoniot curve (ρ =3.182 g cm −3 , P =2535 GPa, T = 358,600 K) as the initial state of the secondary Hugoniot curve. The compression maximum on this curve (ρ =14.25 g cm −3 , P =282000 GPa, T = 4,819,000 K) served as initial state for the tertiary Hugoniot curve. Figure 13 shows the temperature dependence of the precompression density ratio for the five representative Hugoniot curves in Figure 12 . In the high-temperature limit, all curves converge to a compression ratio of 4, which is the value of a nonrelativistic ideal gas. We also include of the Hugoniot curve computed with the relativistic, fully-ionized ChabrierPotekhin model, which shows the relativistic correction in the high-temperature limit. In general, the shock compression is determined by the excitation of internal degrees of freedom, which increases the compression, and interaction effects, which decrease the compression 75 .
Consistent with our results for hydrogen, helium 47 , and neon 50 we find that an increase in the initial density leads to a slight reduction in the shock compression ( Figure 13 ) because particles interact more strongly at higher density.
The shock-compression ratio also exhibits two maxima as a function of temperature, which can be attributed to the ionization of electrons in the first and second shell. On the principal Hugoniot curve, the first maximum of ρ/ρ 0 =4.77 occurs at temperature of 3.59 × 10 5 K (30.94 eV), which is above the first ionization energy of the oxygen atom, 13.61
eV, but less than the second ionization energy, 35.12 eV. A second compression maximum of ρ/ρ 0 =5.10 is found for a temperature of 2.87 × 10 6 K (247.32 eV), which can be attributed to the ionization of the 1s core states of the oxygen ions. The 1s ionization energy is 871.41 eV. This is consistent with the ionization process we observe in Figure 7 , where charge density around the nuclei is reduced over the range of 2 − 8 × 10 6 K. Since DFT-MD simulations, which use pseudopotentials to replace core electrons, cannot access physics about core ionization, PIMC is a necessary tool to determine the maximum compression along the principle Hugoniot curve.
VII. CONCLUSIONS
In this work, we have combined PIMC with DFT-MD to construct a coherent EOS for oxygen over wide range of densities and temperatures that includes warm dense matter and plasmas in stars and stellar remnants. The two methods validate each other in temperature range of 2.5×10 5 -1×10 6 K, where both yield consistent results. We compared our equation of state at high temperature with the analytic models of Chabrier-Potekhin and Debye-Hückel.
The deviations that we identified underline the importance for new methods like PIMC to be developed for the study of warm dense matter. Nuclear and electronic pair-correlations reveal a temperature-and pressure-driven ionization process, where temperature-ionization of the 1s state is suppressed while other states are efficiently ionized as density increases up to 100 g cm −3 . Changes in the density of states confirms the temperature-and pressure-ionization behavior observed in the pair-correlation data. Lastly, we find the ionization imprints a signature on the shock Hugoniot curves and that PIMC simulations are necessary to determine the state of the highest shock compression. Our and Hugoniot and equation of state will help to build more accurate models for stars and stellar remnants. In this section, we provide raw data from our PIMC and DFT-MD time-step and finite-size convergence calculations. Table SI shows the results of static path integral Monte Carlo (PIMC) calculations for a 8-atom as a function of time-step for a fixed density. For a time-step of 0.00390625 Ha −1 , which we used in our production calculations, the results are well converged. The pressure has 0.3% error and internal energy has 0.3% error relative to the smallest time-step. Table SII shows the comparison of pressures and internal energies for a 24-atom and 8-atom simulation cell as a function of temperature at a fixed density. Results are shown for both PIMC and density functional theory molecular dynamics (DFT-MD). The absolute difference between the 8-atom and 24-atom pressures and internal energies is only a fraction of a per cent of the total values, and often within the statistical error. As expected in DFT, the agreement between 8-and 24-atom results generally improves with temperature. Above 1 × 10 5 K, the 8-atom cell size is sufficient as the gamma-only k-point approximation becomes irrelevant. 
